ABSTRACT. An arithmetical function is said to be a totient if it is the Dirichlet convolution between a completely multiplicative function and the inverse of a completely multiplicative function. Euler's phi-function is a famous example of a totient. All completely multiplicative functions are also totients. There is a large number of characterizations of completely multiplicative functions in the literature, while characterizations of totients have not been widely studied in the literature. In this paper we )resent several arithmetical identities serving as characterizations of totients. We also introduce a new concrete example of a totient.
INTRODUCTION
The Dirichlet eonvolut;on of arithmetical functions f and g is defined by
If I(1) # 0, then the Dirichlet inverse of f is the arithmetical function f-1 satisfying f * f-f-* f o, where e0(1) 1 and e0(r) 0 for n > 1. An arithmetical function is said to be multiplicative if f(1) 1 and f(mn) f(m)f(n) whenever (rn, n) 1 [11] and to the paper by Sivaramakrishnan [12] . In Section 3 of this paper we introduce a new example of a totient denoted by (). 
In this case ft =g and fv h.
REMARK. For the Euler totient 4, equation (2) reduces to
which, in fact, is the definition of .
PROOF. If f is a totient, then
We thus arrive at (2 
al(m,n)
In this case f h. REMARK. Sivaramakrishnan 
whenever (m, n)u 1. ConverselF ff here eiss a muliplicive :unction F such
REMARK. Identity (6) is termed as the BuschRamanujan identity in the literature. Identity (6') with the restriction (m, n)u 1 is called the restricted BuschRamanujan identity. It is well-known that eve totient satisfies the restricted BuschRamanujan identity, s e.g. [9] , p. 53, [14] , p. 655. The converse part follows aer laborious elementary computations. We do not present the details here. The converse pa has bn studied in more detail in [6] 
whenever 7(m) 7(n). Conversely, if f is multiplicative and if there e.xists a completely multiplicative function g such that g(p) 0 for all primes p and g(n)f(m) g(m)f(n), (9') whenever /(m) /(n), then f is a totient with ft g.
REMARK. Formula (9) (10) In this case f g.
REMARK. For material relating to the functional equation (10) we refer to [3] , [4] and PROOF. Formula (10) can easily be seen t(, be valid when m and n are prime powers. Since, in addition, both sides of (10) are multiplicative functions in m and n, we have (10) . The converse part follows by taking (m, n) 1 and m p-l, n p (e _> 2) in (10) ((a,c))/f((a,c) ). 
(m, nk)k, (11) for all m and n. Conversely, if there exist completely multiplicative functions a, and such
for all n and for some m pe (0 <_ e _< k), then f is a totient with ft .
PROOF. Formula (11) is a direct consequence of Theorem 9 of [7] . Assume that (11) holds. We shall firstly prove that f is multiplicative. We proceed by induction on rs to prove that f(rs) f(r)f(s) whenever (r,s) 1. This is valid for rs 1. Assume that f(ab) f(a)f(b) when (a,b)-1, ab < rs. We distinguish three cases. Now we have proved that f is multiplicative. Secondly we shall prove that f(pa) a(p"-1)$(p) for all prime powers p". We consider two cases. Case 1. Let p/m. Taking n p in (11') gives f(p) a(p) W(p). Then taking n p" in (11') proves that f(pa) a(pa-1)f(p).
Case 2. Let pk m" As rn pe, 0 _ e _( k, we have e k. Thus taking n p in (11') gives f(pa) a(pa-)f(p). By Theorem 1 we now obtain the result. THEOREM 12. Let f and g be arithmetical functions such that (f g)(n) 0 for all n. If f and g are totients with f gt, then f(n)
f (5) - In particular, 0 0(2) e e.
